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Abstract
It is well known that within the London model, the magnetic ﬁeld near the surface of a superconductor in the
Meissner state decays exponentially as a function of depth. However, direct measurements of the magnetic ﬁeld
proﬁle using low energy μSR ﬁnd that the decay is non-exponential on a length scale much smaller than λ. It has been
suggested this is due to surface roughness. In this paper we examine the eﬀect of surface roughness theoretically.
Through asymptotic and numerical analysis, we model the eﬀects of surface roughness on the magnetic ﬁeld proﬁle for
a superconductor with a two-dimensional sinusoidal variation in the surface boundary. The calculated ﬁeld proﬁles are
indeed non-exponential and with some unexpected behaviour. The model results show consistency with experimental
results, indicating that surface roughness could explain the experimental anomalies.
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1. Introduction to the Problem and the Model
One of deﬁning characteristics of a superconductor in the Meissner state is that any external magnetic ﬁeld is
expelled from the interior of the sample. This eﬀect comes from the London equation∇×∇×B = −B/λ2 for a magnetic
ﬁeld B, where by coupling with Maxwell’s equations, a magnetic ﬁeld, if applied parallel to a ﬂat superconductor, is
constant outside of the superconductor and decays exponentially with depth into the superconductor [1]. The length-
scale over which the magnetic ﬁeld decays at zero temperature is called the London penetration depth λ. Experiments
have been carried out to measure λ using low energy μSR, wherein a beam of low energy muons is used to directly
measure the magnetic ﬁeld as a function of depth [2]. Experimentally the ﬁeld appears to decay very slowly near the
interface before a full exponential decay [3]. See ﬁgure 1 (left). One possible explanation for the deviation from the
London model prediction is surface roughness i.e. small perturbations from a perfectly ﬂat geometry.
In our model of the rough surface, we consider a sinusoidal perturbation from a ﬂat interface and take the applied
ﬁeld Bapplied to be in the x−direction. For simplicity, we measure the magnetic ﬁeld in units of |Bapplied| and lengths in
units of λ. A nondimensionalized system entails solving for the magnetic ﬁeld b subject to:
⎧⎪⎪⎨⎪⎪⎩
∇ • b = 0 and ∇ × b = 0, if z ≤  cos(ωxx) cos(ωyy) (in the vacuum)
∇ • b = 0 and Δb = b, if z >  cos(ωxx) cos(ωyy) (in the superconductor) (1)
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Figure 1: Left: theoretical predictions for ﬂat superconductor and qualitative sketch of experimental results. Right: picture summarizing the
nondimensionalized model of roughness
with boundary conditions
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
b(x, y,−∞) = xˆ (the applied ﬁeld)
b(x, y,∞) = 0 (the Meissner eﬀect)
[b(x, y,  cos(ωxx) cos(ωyy)] = 0 (no discontinuity in ﬁeld across interface) .
(2)
See ﬁgure 1 (right). In these dimensionless units, a length of 1 corresponds to a distance of λ in physical units; a
frequency of ω = 1 corresponds to a real spatial frequency of 2π/λ; and a ﬁeld magnitude of 1 corresponds to a real
ﬁeld magnitude of |Bapplied|. Roughness amplitudes are believed to be no bigger than 1/10 in nondimensionalized
units (i.e.   1). In the next section, we summarize the asymptotic and numerical work employed.
2. Analysis
We provide a brief overview of the analysis. Further details can be found in [4] [5].
2.1. Asymptotic Analysis
By assuming a formal asymptotic expansion for b, we write b ∼ b(0) + b(1) + 2b(2) + ... where b(0) is the well-
known solution for a ﬂat interface (b(0) = xˆ for z ≤ 0 and b(0) = xˆe−z for z > 0) and b( j), j > 0, are higher order
corrections to the ﬂat interface solution depending on (x, y, z). By decomposing b( j) into a sum of functions of form
f(z)ei(αx+βy) where f is a piecewise function that changes deﬁnition across the interface, a series of linear systems
emerge to solve for each b( j). Re-expressing the ﬁeld strength in terms of the depth s = z −  cos(ωxx) cos(ωyy) and
averaging the asymptotic approximation to |b| over x and y yields the mean ﬁeld strength as a function of depth |b|avg.




|b|avg(s)ds − 1. (3)
This has the interpretation that if there were a true dead layer of size δtrue after which the ﬁeld decayed exponentially
with length scale 1 then the area under |b|avg from s = 0 to ∞ is precisely δtrue + 1. From this analysis, we found
various analytic approximations. For example if (ωx, ωy) = (0, ω) then
|b|avg(s) ∼
⎧⎪⎪⎨⎪⎪⎩
1 if s ≤ 0
e−s + 2 12
√
1 + ω2(e−s − e−
√
1+ω2 s) if s > 0
with δ ∼ 2 12 (
√
1 + ω2 − 1). In other geometries, the ﬁeld magnitude is not constant in the vacuum where s ≤ 0. In
general, the average ﬁeld is actually slightly smaller than 1 in the vacuum region, but it eventually exceeds exp(−s)
deep within the superconductor. The higher the spatial frequency in the direction of the applied ﬁeld (i.e. the bigger
ωx is), the more the ﬁeld is diminished in the vacuum region.
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2.2. Finite Diﬀerence Discretization
Through a coordinate transformation, it is possible to “ﬂatten” the interface in new coordinates, which allows one
to work on an evenly spaced mesh suitable for the method of ﬁnite diﬀerences. We use periodic boundary conditions
in x and y. It is also necessary to reformulate parts of the PDE; for example, analytically there is no problem in
simultaneously requiring ∇ • b = 0 and b = b, but numerically this imposes 4 equations at points where there are
only 3 unknowns. In this cited case, we get around the issue by considering b = b with carefully modiﬁed boundary
conditions.
The resulting discretized linear system is very large even for modest mesh sizes, and the structure of the matrix
makes many iterative solving routines ineﬀective. To solve the system, we implement a pre-conditioned GMRES
routine [6], where the pre-conditioner is based upon a discrete Fourier solution of the ﬂat geometry. We verify both
the asymptotics and the ﬁnite diﬀerencing by comparing them in diﬀerent geometries and observing convergence
rates. Both qualitatively and quantitatively the two show excellent agreement.
3. Results
3.1. Field Component Coupling and Average Field Proﬁle
As seen in ﬁgure 2 (top left, top right, and bottom left), the components of b =< bx, by, bz > can become coupled
in a rough geometry (see section 1 for deﬁnition of b). If the interface were ﬂat, by and bz would be identically zero
and bx would be constant up to s = 0 and then decay exponentially. In some proﬁles at constant (x, y), by and bz are
not identically zero, and depending on the proﬁle chosen, bx can exceed the magnitude of the applied ﬁeld along the
interface.
Figure 2: Top left: a proﬁle of bx from peak and valley. Top right: a proﬁle of by with (x, y) = (−0.26,−0.26). Bottom left: proﬁle of bz with
(x, y) = (−0.26,−0.50). Bottom right: diﬀerence between average ﬁeld proﬁle in perturbed and ﬂat geometry. The vacuum corresponds to negative
depth and the superconductor to positive depth. All ﬁgures computed with  = 0.1, and (ωx, ωy) = (2π, 2π). The (x, y)-values are chosen so the
eﬀect of roughness is most pronounced.
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Table 1: Eﬀective dead layer for various surfaces with applied ﬁeld xˆ. When the surface has oscillations only in the x−direction the dead layer is
negative.
 ωx ωy δeﬀ,numerical δeﬀ,asymptotic
0.05 0 2π 6.8 × 10−3 6.7 × 10−3
0.1 0 4π 4.7 × 10−2 5.4 × 10−2
0.05 2π 0 −3.2 × 10−4 −5.2 × 10−4
0.1 4π 0 −7.3 × 10−4 −2.3 × 10−3
0.05 2π 2π 2.7 × 10−3 2.3 × 10−3
0.1 4π 9π 6.1 × 10−2 6.2 × 10−2
0.1 9π 4π 3.7 × 10−2 1.1 × 10−2
3.2. Dead Layer
Given a perturbation amplitude, the dead layer is greatest when the applied ﬁeld xˆ is parallel to the interface
(i.e. along the axes of the sinusoidal troughs of z =  cos(ωyy)) and smallest (to the point it is negative as deﬁned by
equation 3) when the applied ﬁeld is perpendicular to the trough axes (with surface z =  cos(ωxx)). This is reasonable
since when the ﬁeld is perpendicular to the trough axes, the shielding currents ﬂow in one uniform direction and are
less impeded as compared to the other ﬁeld orientation. Example values are given in table 1, based on the asymptotic
and numerical work. The plot in ﬁgure 3 (left) shows the average ﬁeld proﬁle for a general surface, and the plot in
ﬁgure 3 (right) shows how the ﬁeld strength changes spatially in the case where ωx = 0.
Figure 3: Left: ﬁeld proﬁle with  = 0.1 and ωx = ωy = 6π. Right: ﬁeld proﬁle with  = 0.1, ωx = 0 and ωy = 2π.
4. Conclusions and Future Work
Surface roughness, in our model, predicts results similar to experiment: compare ﬁgure 1 (left), with a qualitative
sketch of experimental results, and ﬁgures 3 (left) and 2 (bottom right), depicting the model predictions. We ﬁnd the
ﬁeld generally decays before the interface and is slower to decay deep inside the superconductor, and we ﬁnd the ﬁeld
components are coupled together (current experiments are not capable of checking this). The ﬁeld is not measured
within the vacuum so there are no measurements of how the ﬁeld behaves outside the superconductor. It would be
interesting to have measurements with an overlayer of a non-superconductor deposited on top of the superconductor.
In this way it may be possible to test experimentally how the ﬁeld behaves “outside” the superconductor.
Our results suggest that for surfaces with roughness amplitudes on the order of λ/10 whose spatial frequencies
aren’t too high (such as those in table 1), the dead layer is no bigger than λ/20.
If the roughness could be characterized, it would be possible to better approximate the overall eﬀects of surface
roughness. If analytic approximations were needed for very high spatial frequency perturbations, homogenization
theory could be used for these results [7].
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